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Résolution de systéemes : application a la
détermination de sous-espaces propres

Exercice 1

On considére les matrices suivantes.

2
a) Mi =10
0

b) M= |1

o

3
c) Ms=|2
1

Pour tout i € [1,6] et tout A € R, on note :

E\(M;)

—_ =
—_ =
—_ =

) € M31(R) | (M; — M) X =0}

a) (i) Déterminer Fo(M7).
(it) Déterminer Fg(My).

(iit) Déterminer Fyo(My).

b) Déterminer Ej(My).

¢) Déterminer Ea(Ms3).

d) (i) Déterminer Eo(My).
(ii) Déterminer Ey (My).
(iit) Déterminer Fg(My).

e) Déterminer Fo(Ms).

f) (i) Déterminer Ey(Msg).
(it) Déterminer Es3(Mg).
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Démonstration.
T

a) (i) Soit X = (y) € M3.1(R).

X € EQ(Ml)

On en déduit :

Ey (M) =

M X =2X
g (M1 — 2[) X = O/f3,1(R)

- G130

<~

—2y = 0

6z = 0

10z = O

LzeL2+2L1 =0
—6z = 0

10z = 0

L;<—aL;+>LZ =0
—6z = 0

0 =0

e M1(R) |y=0 et z=0}

1
| r € R} = {x(()) | € R} = Vect (

0

1
EQ(Ml) = Vect (0))
0

1
0
0

|

T

(i) Soit X = (y) € M31(R).

z

X € Eg(M)

On en déduit :

<— M X =6X
<~ (Ml — 6[) X = O(//l371(]R)
-4 -2 0 T 0
— 0o 0o —6|[yl=1o0
0 0 6 z 0
—4xr — 2y = 0
<= — 6z = 0
6z = 0
L Lt I —4xr — 2y =0
<— — 6z = 0
0 =0
—4x 2y
— { ~ 6z = 0
X
{lv] € #51(R) | y et z2=0}
V4

Y
{l v ) |y € R}
0
{z- (12) | y e R} = Vect (12)
0 0
-1
E6(M1) = Vect ( 2 )
0
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X X
(iii) Soit X = (;,) € M51(R). b) Soit X = (y) € M51(R).
z z
X € E12(M1) < M X =12X X e El(MQ) <— MX =X
= (M —120) X =04, (g = (My—1)X =0.4,m®
—-10 -2 0 T 0 0 0 O T 0
— 0 -6 —-6||ly]=1{o — (10 1]|[y] =10
0 0 0 z 0 0 0 0 z 0
= — 6z = 0 = T + 2z =0
0 = 0 0 = 0
{ —10x — = 0 — { r = -z
e
= 62
On en déduit :
L1<—<3:L1>—Lz { —30:13 = —62 x
— 62 El(Mg) = {(y) S .//371(]1%) ‘ T = —Z}

On en déduit :

Eio(My) = {(5) Ez///3,1(R)\$:%z et y=—z} = {(Z> | (y,2) € R%}
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x
¢) Déterminons Ey(Ms). Soit X = (y) € M31(R).

z

X e EQ(M3) < M3X =2X
< (Mg — 2I)X = 0'///3,1(R)

1 -1 1 T
= 2 2 2|y =

1 -1 1 z
r — y +
— 2z — 2y +
r — y +
e
<~ 0
0
= {z =y - =z

On en déduit :

Ey(Ms) =

1 -1 1 -1
= {y-(1)+z-(0>](y,z)eRQ}:Vect (1),(0)
0 1 0 1

d) (i) Déterminons Ea(My). Soit X =

X € Ey(My)

[N

I
o

0 Lo+ 3Ly —214
L3« 3L3— L
0 <~

Ly Ly+ Lo
<~

—

L+ 4L — Ly
<~

On en déduit :

Ey(My) =

z

0
= {(2) | z € R}

(z) S ///371 (R)

MX =2X
(My =21) X =04, , (®)

(6B

3z + Yy — z =0
2z + 2y — 2z =0
xr — Yy + z = 0
3z + y - z =0
4y — 4z = 0
— 4y + 42 =0
3z + Yy — z =0
4y — 4z =0
0 =0
3z + y = z
4y = 4z
12 z = 0
4y = 4

{(Z) € Mi(R)|z=0 et y==z}

0 0
= {z- (1) | z€ R} = Vect (1)
1 1
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(i) Déterminons E4(My). Soit X = [y | € #31(R). (#i) Déterminons Eg(My). Soit X = [y | € #31(R).
z z
X € Ey(My) = MyX =4X X € Eg(My) — MyX =6X
— (My —41) X = 051 (R) — (Mg —6I) X = 0.5,1 ()
1 1 -1 T 0 -1 1 -1 T 0
— 2 0 -2 =10 — 2 2 —2|ly] =10
-1 -1 0 1 -1 -3 z 0
T +y - z =0 -z + y — 2z =0
— - 2z =0 — 22z — 2y — 2z =0
— z = 0 r — y — 3z =0
nenon oy -z =0 PO (e e =0
= - 2y =0 = — 4z = 0
- 2y =0 - 4z 0
Ly« Ly — Ly + y - = = 0 Ly <+ Ly — Lo -r + y - z = 0
— - 2y = 0 = — 4z =0
0 = 0 0 = 0
r + y = =z —-r - z = -y
A { — 2y = 0 A { — 4z = 0
Ly« 2L+ Ly 2x 2z Ly« 4Ly — Lo 4 = —4y
<~ 0 <~ _ 4. = 0
On en déduit : On en déduit :
X X
Ey(My) = {|y| € #51(R) | x=2 et y=0} Es(My) = {|ly| € #:1(R) |x=y et z=0}
z z

z 1 1 Y 1 1
= {<O>IZER}:{z~(0)|z€R}:Vect (0) = {(y>|y€R}:{y-(1)|yER}:Vect (1)
z 1 1 0 0 0
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xT

On en déduit :
e) Déterminons Eo(Ms). Soit X = |y | € #31(R).

z

x
Ey(Ms) = {<y) | MsX =2X}
X e EQ(M5) < Mz X =2X z

<~ (M5 — 2[) X = 0///3,1(R) T 0
1 -1 1 " 0 = {ly||z=0¢et y=2z} = {|z] | z€R}
— (1 0 0)<y) = (0) “ o
0o 1 -1 z 0
0 0
r —y + 2z =0 = {z-|1]|2€R} = Vect | |1
<— T =0 1 1
y — z =0
Ly Ly— Ly r —y + 2z =0
—= y — z =0
y — 2 = 0
Ly Ly— Ly r -y + =0
0 =0
— {x - Y —F
Y z
Ly Ly + Ly {J; = 0
<~
Y z
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X €T
f) (i) Déterminons Fy(Mg). Soit X = (y) € AM31(R). (i1) Déterminons E3(M;g). Soit X = (y) € Ms51(R).

z z
Mg X =3X

X € E5(Ms) —
<~ (Mﬁ — 3[) X = Ou///3,1(R)

X € E[)(MG) < Mg X =0X
<~ (MG — 0]) X = 0’//3’1(]1@)

= (e = ()0

0 =0 —

r 4+ y + 2z =0 —2z + oy + =0
— r + y + = 0 — r — 2y + =0
PR {l’+y+2’0 polerh (22 4y + oz =0
—
0 0
-

8
Il
|
<
|
N
|
[N}
S
+
<
+
N
|
o

Ly Ly+ Lo
On en déduit : — -3y + 3z =0
0 =0
x
Eo(Ms) = {|y| € .:R) | xz=—y—2z} — 2z + y = -z
z - 3y = -3z
Y-z Ly < 3Ly + Lo —6 - _62
{( v >|(y72)€ } = _ 3y — _3»
On en déduit :
—1 —1
= 1 )+z-|0 ,z) € R? r
w (0) (1)|(y ) ) E3(Ms) = {(y>€~///3,1(R)!$=Z et y ==z}
z
-1 -1 )
= 1 z
Vet 0/ (1) = {(z)|z€R}:{z-(1>]zE]R}:Vect (1)
z 1




